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We study the model of a composite-scalar made of a pair of scalar fields in 6 — 2e dimensions, 
using equivalence to the renormalizable three-elementary-scalar model under the "compositeness 
condition." In this model, the composite-scalar field is induced by the quantum effects through 
the vacuum polarization of elementary-scalar fields with 2N species. We first investigate scale 
dependences of the coupling constant and masses, in the renormalizable three-elementary-scalar 
model, and derive the results for the composite model by imposing the compositeness condition. 
The model exhibits the formerly found general property that the coupling constant of the composite 
, field is independent of the scale. 
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I. INTRODUCTION 



The composite fields induced by quantum fluctuations have wide application in physics, in connection with or 
without spontaneously broken symmetries. These ideas were used in Ginzburg-Landau theory and BCS model of 
_l I superconductivity [1] and Nambu-Jona-Lasinio type model [2] of hadron physics, and were also applied to gauge bosons 
■ [3], Higgs scalar, quarks, leptons [4], induced gravity [5], braneworld [6], nuclear physics, solid state physics, cosmology, 
0^ ' etc.. Many of these composite models are not renormalizable, and the non-renormalizable nature plays essential roles 
in establishing compositeness and further properties of the composites. Though they are not renormalizable, we 
can formulate them through corresponding renormalizable field theory, and then transfer to the composite model 
by imposing compositeness condition Z3 — [7], where Z3 is the renormalization constant of the to-be-composite 
field. So far, many interesting studies have been performed on this line [8]. In the previous paper [9], we showed 
scale independence of the effective coupling constants of the composite fields, in three examples of models: (i) scalar 
composite in six dimensions, (ii) Nambu-Jona-Lasinio model in four dimensions, and (iii) induced gauge theory in 
four dimensions. This property of scale independence seems to common to the many of the quantum composite 
JL , models, and exhibits sharp contrast with the scale dependence of the running coupling constants in the elementary 
qj' field theories. 

In this paper, we discuss further details of the scalar-composite model in six dimensions. This model resembles 
the Nambu-Jona-Lasinio model for fermions in four dimensions, serving as a toy model without fermionic complex- 
. ! ities. The scalar fields in six dimensions also attract attentions in connection with the braneworld theories in extra 
dimensions. For example, they are expected to provide models for solitonic confinement of the fields within our four 
dimensional spacetime. 

The plan for this paper is as follows. In Sec. II, we define the system to clarify, what we mean by the "compositeness 
condition". In Sec. Ill, we present the formulation in the leading order in 1/iV for illustrations. The detailed 
formulation in the next-to-leading order is given in Sec. IV, and Sec. V is devoted to conclusions and discussions. 

II. SCALAR-COMPOSITE MODEL IN 6 2e DIMENSIONS 

Strictly speaking, this is a scalar-composite-scalar model, which means a model of a composite scalar field made 
of two elementary scalar fields. We can well investigate this model by using equivalence to the renormalizable three- 
elementary-scalar model under the compositeness condition. 

A. Scalar-composite-scalar model 

We consider a composite complex scalar field $ comprised of elementary complex scalar fields X 1 and X 2 in 6 — 2e 
dimensions, where e is a small positive number. We suppose that the fields X 1 (i = 1, 2) have iV-plicated components 

X* = (Xl---,X* N ), (1) 
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for we use 1/N expansion latter. We assume that the basic Lagrangian C of model is given by 

C = £(|0„Xf - m 2 x \Xr) FIX 1 * 2 ! 2 , (2) 
»=i 

where mx is the mass of X 1 , and F is the coupling constant. Here and hereafter, summations over TV-plicated 
components are implied in each pair of X 1 . The Lagrangian (2) is invariant under the transformations of 
SU(./V)(g)Ui(l)®U2(l)®Z2, where SU(7V) is the group simultaneously (for X 1 and X 2 ) operating on the space of 
N components of X'\ Uj(l) (i=l and 2) are the groups separately (for X 1 and X 2 ) generated by the number oper- 
ators of X 1 , and Z 2 is the discrete symmetry group of exchange of the fields X 1 and X 2 . Because of the four-scalar 
interaction I* 1 * 2 ! 2 with positive mass dimension, the model is non-renormalizable. However the summation over 
the chain diagrams in Fig. 1 give rise to a pole in the momentum squared of the channel as far as we fix e at a small 
but non-vanishing value. It corresponds to a composite state of the elementary fields X 1 and X 2 . To deal with the 
composite state, we introduce an auxiliary field $. Then the Lagrangian (2) is equivalent to 

2 

C! = ^(I^X'l 2 - m 2 x \Xf) - F _1 |$| 2 + $(X X X 2 ) + h.c. (3) 
»=i 

The equivalence between the Lagrangians (2) and (3) is shown by coincidence of the generating functionals for Green 
functions derived from (2) and (3). 

This model resembles the Nambu-Jona-Lasinio model [2] in many aspects, though the fermions in the latter is 
replaced by the scalars X 1 here, and the number of space-time dimensions are different. They have four-field inter- 
actions with a coupling constant of mass-dimension —2. They have a composite states arising from the poles of the 
chain diagram, and their coupling constants are dimensionless. The Nambu-Jona-Lasinio model can be well analyzed 
by using its equivalence to the Yukawa-type renormalizable model under the compositeness condition [7]. Similarly 
we can use the equivalence of the present model to the three-elementary-scalar model, as will be demonstrated in the 
next section. 



B. Renormalizable three-elementary-scalar model 

Let us consider the following renormalizable model in 6 — 2e dimensions: 

2 

£ = Ed^Xol 2 - m olXo| 2 ) + l^</>o| 2 - M 2 \4> \ 2 + g^xlxl + h.c, (4) 

i=l 

where (f>o and Xo (* = 1, 2) are elementary complex scalar fields, go is a coupling constant, and mo and M are the 
masses of Xo an d 4>o respectively. The fields Xo have iV-plicated components 

Xo = (Xoi."-,Xojv)- (5) 

The subscript "0" denotes the bare quantities distinguished from renormalized ones which will appear latter. The 
Lagrangian (4) does not include terms quartic in 4>o and xo and higher, because they have positive mass dimensions 
in the 6 — 2e dimensions, and violates renormalizability. The Lagrangian (4) is the most general renormalizable form 
with the above mentioned symmetry SU(iV)®Ui (1)®U2(1)®Z2 of the original model (2). 
Now let us define renormalized quantities 



g = Z x 1 Z 2 Z*g u, £ , 


(6) 


x l = zpxl 


(7) 


_ 1 

(/) = Z 3 2 O , 


(8) 


_ i i 
m = Z rn 2 Z£m , 


(9) 


m = z~Jz!m , 


(10) 



for the bare quantities (/o> Xcn ^Oj m o an d M 0l respectively, where Z\, Z 2l Z 3 , Z m and Zm are the rcnormalization 
constants. In (6), the scale parameter /i with mass dimension is introduced to make the renormalized coupling constant 
g dimensionless. Then the Lagrangian (4) is rewritten as 
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I = ^(Z 2 |^xi 2 - Wlxf ) + ^ 3 |^| 2 - ^M 2 |0| 2 + Z 1 g^cPx 1 X 2 + h.c. 
»=i 

We define the renormalized Lagrangian £ r by 

2 

^ = E (l^xf - ™ 2 |xf ) + l^0| 2 - M 2 |0| 2 Ij^fe'x 2 + h.c, 



(11) 



(12) 



»=i 



and the counter Lagrangian C c by 



£ c = J2 t(^ 2 - iJl^xf - (Z m - l)m 2 | X f ] + (Z 3 - l)l^| 2 - (2m - 1)M 2 |^ 

i=l 

+ (Z 1 -l) 5M ^ X 1 X 2 +h.c., 



so that 



Thus we can calculate physical quantities in this system by perturbative method. 

Let us consider the scale dependence of this model. The renormalization group equation is given by 



f( n X Pl ,---,p n ,g,m,M,ij,)=0, 



(13) 
(14) 

(15) 



where f^(pi, • • • ,p n ,g,m,M, /j,) is a one-particle-irreducible Green function with a total of n(= n x + n^) external 
lines, where n x and are the numbers of \ % an d 4> in f( n \ respectively. In (15), the functions @ g , j3 m , (3m are defined 
by 



dg_ 

dm 

Pm = M-^-, 
on 

PM = M - ^ — ) 
o/j, 



(16) 
(17) 
(18) 



where functions /3 g , /3 m and (3m give the scale dependence of the coupling constant g, the masses m and M, respectively. 
In (15), 7 X and -f^ are anomalous dimensions to the fields x an d <j>, respectively, and are defined by 



1 9 , v 

7 *=2"V 2 ' 

1 d , v 



(19) 
(20) 



where Z 2 and Z 3 are the renormalization constants. 



C. Compositeness condition 



Let us compare the scalar-composite-scalar model in the subsection A and the renormalizable three-elementary- 
scalar model in the subsection B. The Lagrangian (11) of the latter coincides with Lagrangian (3) of the former, if 
the condition 

Z 3 = 0, Zi^O, Z 2 ^0, Z m ^0, Z M ^0 (21) 

holds, and if we identify 
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X 1 with (22) 



m 2 with — im|, (23) 
Zo ( $ \ 

with -M , and (24) 

m2 with it • < 25 > 

Therefore, we can calculate all the physical quantities in the system with (3) at non-vanishing s via Lagrangian (14) 
of the three-elementary-scalar model with the condition (21). This description includes the physical field <f) which does 
not exist in the original elements of the system with (2). This means that the field is a composite in the system. 
Under the condition (21), the system (14) describes the case where the field <p is a composite. Hence the condition 
(21) is called "compositeness condition" [7], which gives a constraint on the parameters of the rcnormalizable three- 
elementary-scalar model (4). According to (6)-(10), the relations (22)-(25) can be transformed into those for the bare 
quantities, 

Xh = Xi, (26) 
ml = m 2 x , (27) 

0o = -, (28) 
5o 

Ml = 9 1 (29) 

As for compositeness condition (21), the relation (6) indicates that it corresponds to the limiting case 

3o -> oo, (30) 

as far as Z\, Z 2 and g are finite and non- vanishing, as is the case of our present interest. We can further see from (29) 

M -» oo, (31) 

for finite F. Thus the compositeness condition (21) is realized only in the limiting case of the bare parameters. It is, 
however, not at all a drawback because it is sufficient that the physical renormalized quantities are finite, as they are 
in fact. 



III. LEADING ORDER IN 1/N 

Now we examine the scale dependences of the coupling constant g and the masses m and M in the model. In this 
chapter we present the formulation in the leading order in 1/N for illustration, where we assign g 2 <~ eN~ x . We first 
consider those in the three-elementary-scalar model in subsection A and then we impose the compositeness condition 
to obtain the results for the scalar-composite-scalar model in subsection B. 



A. Renormalization of the three-elementary-scalar model 

We first calculate the renormalization constants in leading order in 1/iV, and we investigate the renormalization 
group flow of the thrcc-clcmcntary-scalar model (4). In 1/N expansion, the leading order contributions come from the 
self-energy part of 4> with one x l -loop in Fig. 2 because of g 2 oc 1/N. The renormalization constants are calculated as 

Zi = Z 2 = 1, (32) 

z 3 = i- J%r> ( 33 ) 

6(47r)' ;i e 

Z m = 1, (34) 
Ng 2 m 2 



J M 



6(47r) 3 eM 2 ' 



(35) 
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in minimal subtraction scheme. Hereafter we adopt the minimal subtraction scheme throughout this paper. 

Now we discuss the renormalization group flow of the three-elementary-scalar model. ^From the renormalization 
constant (33), we obtain the function (3 g in the leading order, 



Pg = -£9 



1 - 



Ng 2 



6(4tt) 3 £ 

According to (16) and (36), we have the differential equation, 



dg 



1 - 



Ng 2 



6(4tt) 3 £ 

It is solved to give the scale dependence of coupling constant g, 



9 2 = 



ft 



2c 



+ 



N 



9l 6(4tt)3 £ 



(36) 



(37) 



(38) 



where we have chosen 1/g 2 as the integration constant in accordance with (6). Then (38) gives the renormalization 
group flow of the coupling constant g in the three-elementary-scalar model at the leading order. Substituting (32) 
and (33) to (19) and (20), the anomalous dimensions -f x and 7^ are given by 



7 X = 0, 



70 = 



Ng 2 
6(4tt) e 



(39) 
(40) 



Next, we consider the scale dependence of the masses m and M. According to (32), (34), (35), (39) and (40), we 
obtain the functions (3 m and /3m, 



Pm = 0, 

^ = OT (M2 - 6W2) ' 
where g 2 is given by (38). Using (41) and (42) for (17) and (18), we have the differential equations as 

dm 

dM 



(i- 



Ng 2 



dp, 6(4tt) 3 M 
^From (43), the mass m is a constant in this order: 



(M 2 - 6m 2 ). 



m = m. 



0- 



where m is the bare mass of xh m (4)- The eq. (44) is solved to give the scale dependence of mass M, 



M = 



Ng 2 
(4^) 3 e ? 



Ng 2 



6(4tt) 3 £ 



Ml 



(41) 
(42) 

(43) 
(44) 

(45) 

(46) 



where g 2 is given by (38), and we have chosen Mg as the integration constant in accordance with (10). The relation 
(46) gives the renormalization group flow for the mass M in the leading order. 



B. The composite model in the leading order 

Here we see that the coupling constant g is independent of the scale \x in the scalar-composite-scalar model [9] . If 
we use the compositeness condition (21) with (33), we have 

2 6(4tt) 3 £ 

9 2 = ( 47 ) 
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We can directly see that the form of g 2 in (47) is independent of the scale /x. Substituting (47) into (36), we find 

Pg = 0, (48) 

which implies that the scale independence is realized as a smooth limit of the running coupling constant in general 
non-composite case. In fact we can see that the scale dependent parts in the solution (38) smoothly disappear in the 
compositeness limit (30). 

At first sight, it looks like that M is independent of the scale according to (46) with (47). This is, however, not the 
case because (38) indicates that the factors in the second term of M 2 in (46) are 

jv^_ = 6(4,)V m 

6(47r)3 £ Ng 2 + ^UV 1 j 

in the compositeness limit (30) and (31), and therefore the second term in (46) has indefinite form in the limit. Using 
(29), we finally obtain the expression 

,,2 „ 2 6(47r) 3 e/i 2£ 

M = 6m ° + N F ' ( 5 °) 

which is finite and non-vanishing. Thus we can see that M 2 still depends on the scale parameter [i even in the 
compositeness limit. 

It would be interesting to see what happens if we impose the condition 

Zm = (51) 

in addition to the compositeness condition Z 3 = 0. The identification (25) indicates that 

F->oo, (52) 

and (50) reduces to 

M 2 = 6m 2 . (53) 

Hence the condition (51) imposes the definite relation (53) among the renormalized masses M and m, and makes the 
composite mass M independent of the scale /U. 

IV. NEXT-TO-LEADING ORDER IN 1/JV 
Now we present detailed formulations at the next-to-leading order in 1/N. 

A. Renormalization of the three-elementary-scalar-model 

The next-to-leading order contributions to the renormalization parts come from the diagrams in Fig. 3 and Fig. 4. 
The blobs on the ^-propagators indicate arbitrary numbers of x-loop insertions as shown in Fig. 5. We have to take 
into account the multi-loop insertions because we assign g 2 ~ 0(N^ 1 ). In Appendix A, we show the calculations 
of the leading divergence of each diagram in the renormalization parts. Using (A3), we write the renormalization 
conditions for the self-energy part of x l ( m the minimal subtraction scheme, as is adopted in this paper) as 



1 



N 

n=0 



Ng 2 



6(4tt) 3 £ 



N 

n=0 



Ng 2 



+ Z 2 -l = 0, (54) 
[nM 2 - (6n - 7)m 2 ] + (Z m - l)m 2 = 0. (55) 



_6(4tt) 3 £ 

Then we obtain the renormalization constants Z 2 and Z m from (54) and (55), respectively : 



6 



Zn = 1 



N ' 



■In 



2 1 



1 - 



z m = i + 



3.9 2 



(4tt) 3 £ 



1 



Ng 
6(4tt) 3 £ 

M 2 



6m 2 



TVg 2 



6(4tt) 3 £ 



21 , 

+ TV 



iV 5 2 



6(4tt) 3 £ 



Using (A5), we write the renormalization conditions for the self-energy part of <\> as 



N 



N 



E 

n=l 

oo 

E 



r a^ 2 ' 


n+l ^ 


6(4tt) 3 £_ 




r Ng 2 - 


n+1 r 


.6(4tt) 3 £_ 





1 1 

n n+l 
1 



+ Z 3 - 1 = 0, 



<i4 

_(108m 2 -9M 2 )-— m 2 
1 n 



n + 



+ {Z M - l)M 2 = 0. 



Then we obtain the renormalization constants Z 3 and Zm from (58) and (59), respectively : 



Z3 = 1 -6(4i^ + 2 )-| 



A 5 2 



Ng 2 m 2 
(4tt) 3 £M 2 (4tt) 3 £ 



1 



3 5 2 



1 



6(4tt) 3 £ 
12m 2 



In 



1 - 



2 1 



6(4tt) 3 £ 



M 2 



18 

'a 



12m 2 Aa 2 m 2 

1- ^TS- + - ' 



In 



1 



Ng 2 



6(4tt) 3 £ 



(56) 
(57) 

(58) 
(59) 

(60) 
(61) 



M 2 (4?r) 3 £M 2 
In this model, we have no vertex correction at this order, and hence 

Z x = 1. 

Now we consider the renormalization group flow in the next-to-leading order. ^From (60), we obtain the function 

6(47r) cl £ 

According to (16) and (63), we have the differential equation 



;(A + 2) 



(62) 



(63) 



djj, 



-eg 



i 



9 



6(4tt) 3 £ 



{N + 2) 



The equation (64) is solved to give the scale dependence of coupling constant g, 



,2e 



N + 2 



g 2 6(4tt) 3 £ 



(64) 



(65) 



where we have chosen l/g^ as the integration constant in accordance with (6). Then (65) give the renormalization 
group flow of the coupling constant g in the three-elementary-scalar model in this order. Substituting (56) and (60) 
into (19) and (20), we obtain the anomalous dimensions 



7x = 
70 - 



6(4^) 3 ' 

Ng 2 
6(4tt) 3 ' 



(66) 
(67) 



where g 2 is given by (65). 

Now let us consider the scale dependence of the masses m and M in the next-to-leading order. The functions /?„ 
and 0m are given by 



Pm = - 

Pm = 



g 2 m 
3(4tt) 3 
Ng 2 M 



1 - 
1 - 



3M 2 
2m 2 

6to 2 

M 2 " 



(68) 
(69) 
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from (57), (61), (66) and (67). Using (68) and (69) for (17) and (18), we have the differential equations 



dm 



(i 



dM 



g 2 m 
^3(4^)3 
Ng 2 M 



1 



1 



dfj, 6(4tt) 3 

Hence we obtain the scale dependence of masses m and M 



3M 2 

6m 2 
M 2 " 



m 



M 



1 - 
Ng 2 



(4tt) 3 £ 



3g 2 20 
(47r) 3 e N 



, 36 8 



(16-iV)g 2 
6(4tt) 3 £ 



1 - 



16 

TV 



^ 2 



6(4tt) 3 £ 
27(4^) 3 e 



7V 5 2 



TOn + 



hi 



2(4tt) 



-M, 



o ■ 



2 1 



6(4tt) 



7V 5 2 



6(47T) 3 £ 



hi 



Ng 2 



6(4tt) 3 £ 



Ml 



(70) 
(71) 

(72) 

(73) 



where g 2 is given by (65). Equations. (72) and (73) give the renormalization group flow for the masses m and M in 
the next-to-leading order. 



B. The composite model in the next-to-leading order 

Here we show that the coupling constant g in the scalar-composite-scalar model persists to be independent of the 
scale fj, still in the next-to-leading order in 1/N. If we use the compositeness condition (21) with (60), we obtain 

2 6(4tt) 3 £ 

9 = b \ ■ ( 74 ) 
y N + 2 v ; 

We can directly see that the formed g 2 in (74) is independent of the scale fi. Substituting (74) into (63), we find 

Pg = 0, (75) 

which implies that the scale independence is again a smooth limit of the running in general non-composite case. 
On the other hand, the masses m and M are given by 

2 / 18 201niV\ 2 3 , o 



18 


201niV\ 


iV ~ 


N J 


216 


20 In TV 


~N~ ' 


N 



in the compositeness limit (30) in this order. In this case, however, the expressions 1 — Ng 2 / '6 (47r) 3 e, inside the 
logarithms in (72) and (73) vanish, which means it is of 0(1/N). Thus the terms behave like (lnN)/N, in spite 
that we assigned 0(1 /N) at first. The summations over infinite series of the diagrams give rise to the little greater 
contribution than we expect. Fortunately this is smaller than the leading order contribution. The expressions in (76) 
and (77) seem to diverge if M — > oo as is required by (30) for finite F, where F is the bare coupling constant in (2). 
On the other hand, for F — > oo, M is finite, and we have finite renormalized masses m and M. The limit F — > oo 
corresponds to the case where the bare mass parameter F~ x in (3) vanish. 



V. CONCLUSION 



We have studied the scalar-composite-scalar model in 6 — 2e dimensions using equivalence to the renormalizable 
three-elementary-scalar model with the compositeness condition Z3 — 0, where Z% is the renormalization constant of 
the to-be-composite field 4> in the latter. Then the physical quantities in the former (scalar-composite-scalar model) 
are calculated via the latter (three-elementary-scalar model). The latter consists of complex scalar fields x 1 , x 2 and 
4>, while, in the former, <j> is becomes a composite of x 1 and x 2 , according to the compositeness condition. We note 
that the compositeness condition Z 3 — in the latter is the limiting case of the bare coupling constant go — > 00 
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and the bare mass Mq — > oo, while the physical renormalizcd quantities g and M are finite, where 5 and M are 
the coupling constant and the mass of (p, respectively. By 1/N expansion, we have calculated the renormalization 
constants Z\, Z%, Z3, Z m and Zm, in the next-to-leading order in the three-elementary-scalar model. Then we 
have derived renormalization group functions /3 g , /3 m and /3m- Solving the renormalization group equations, we have 
obtained the scale dependence of the effective coupling constant g and the masses of scalar fields x* an d <p- 

With the purpose of examining the scalar-composite-scalar model, we imposed the compositeness condition Z 3 = 
in the renormalizablc three-elementary-scalar model. Then, we have the composite scalar field <fi which is comprised of 
the elementary complex scalars x 1 and x 2 - In this composite model, the effective coupling constant g is independent 
of the scale /z in the next-to- leading order as was emphasized in the previous letter [9]. The scale independence 
of coupling constant g is a smooth limit of the running in general non-composite case. We expect that this scale 
independence of the coupling constant of the composite field is common to various models to all order. However, 
the mass M of the composite field depends on the scale ^, even if we impose the compositeness condition. If we 
further impose the condition Zm = in addition to the compositeness condition Z3 = 0, then the mass M also 
becomes independent of the scale, and we have obtained the relation M 2 = 6m 2 in the leading order. It seems 
that the vanishing conditions for the renormalization constants precisely correspond to the scale independence of the 
corresponding quantities. 



APPENDIX A: DIVERGENCES IN THE NEXT-TO-LEADING ORDER 



Here we show the calculations of the leading divergence of each diagram in the renormalization parts in the next- 
to-lcading order. The contribution of diagram in Fig. 5 is given by 



D(q 2 ) 



[ Ng 2 - 


n 


1 - 


m 2£ " 


n 


1 


_6(47r) 3 £r_ 




{-q 2 Y_ 




~ 2 



+ 



6nm 2 - (n + 1)M 2 



(-q 2 ) 2 



(Al) 



where n is the number of x*-loops on the 0-line, and q is the momentum of <f> on external line. The contribution from 
the self-energy part of x* hi Fig. 3 is given by 



S(k 2 ,e)=g 2 fi 



n=0 K 



)3-e m 2_( 9 + fc ): 



:D(q 2 ) 



-T- 

N ^ n 

n=0 



Ng 2 



6(4tt) 3 £ 



1 - 



1 



-j I: 



2s 



(-k 2 y 



x {k 2 + 3 [(6n - 7)m 2 - nM 2 ] } , 
where k is the momentum of \ l on the external line. Then the divergent part of S^fc 2 , e) is given by 

Ng 2 



S(fc 2 ,e) div = --£ 



n=0 



6(4tt) 3 £ 



|fc 2 + 3[(6n-7)m 2 -nM 2 ]}. 



The contribution from the self-energy part of <f> in Fig. 4 is given by 

iV,.) - 2jv 9 y / X*-M m » -(*+,)-! (»■■-*)■ [s(t2,E) " S(t3 ' 0) 



f 



N n(n + 1) 

x 



Ng 2 



6(4tt) 3 £ 



n+l 



,2s 



1 + 



(-p 2 y 



n+l - 



{p 2 + 9 [6m 2 + n(M 2 - 6m 2 )] } , 
where p is the momentum of <f) on the external line. Then the divergent part of H(p 2 ,e) is given by 



n(p 2 ,e)dr 



N ^ 



-j n(n + 1) 



Ng 2 



6(4tt)% 



n+l 



{p 2 + 9 [6m 2 + n(M 2 - 6m 2 )] } . 



(A2) 



(A3) 



(A4) 



(A5) 
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Fig. 1 




FIG. 1. The chain diagram. Solid lines indicate propagators of the scalar fields X 1 . 
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Fig. 2 



FIG. 2. The self-energy diagram of the field 
fields x l an d 4>, respectively. 



at the leading order. Single and double lines indicate propagators of scalar 



Fig. 3 



FIG. 3. The self energy diagram of \ % at the next-to-leading order. Single and double lines indicate propagators of scalar 
fields x % an d 4>, respectively. Blob on the 0-line indicates the insertion of x*-loops of arbitrary number as shown in Fig. 5. 
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Fig. 4 




FIG. 4. The self energy diagram of <f> at the next-to-leading order. Single and double lines indicate propagators of scalar 
fields x l an d 4>, respectively. Blob on the 0-line indicates the insertion of x*-loops of arbitrary number as shown in Fig. 5. 



Fig. 5 



FIG. 5. The propagator of cf> inserted with x'-loops. Single and double lines indicate propagators of scalar fields \ % and 0, 
respectively. Blob on the 0-line indicates the insertion of x l -loops of arbitrary number. 
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